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Abstract: This paper analyzes the notion of lattice structure on Pre A*-algebra. It has been derived the
corresponding properties of the Pre A*-lattice L . Furthermore, identified a congruence relation /)

on L and proved that the set of all congurences on L is a distributive Pre A*-Lattice. Also described an
ideal on Pre A*-lattice L and shown that (L) the set of all ideals of L is a distributive Pre A*-lattice

under the set inclusion. Also introduced the notion of ideal congruence on Pre A*-lattice and derived its
various significant properties.
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Introduction: ].Venkateswara Rao (2000) introduced the concept Pre A*-algebra (A, A v.(=)")
analogous to C-algebra as a reduct of A*- algebra. Further A. Satyanarayana (2012) established the
concept of Ideals, Semilattice structures and ldeal congruences on Pre A”-algebra. Boolean algebra
depends on two element logic. C-algebra, Ada, A*- algebra and our Pre A*-algebra are regular extensions
of Boolean logic to 3 truth values, where the third truth value stands for an undefined truth value. The
Pre A*- algebra structure is denoted by (A, A V.(—)")where A is non-empty set /. V.are binary
operations and (=" is a unary operation.

In this paper we identify for any subset L of a Pre A*-algebra, a Pre A*-lattice. We present various
examples of Pre A*-lattices. We offer several properties of Pre A” -lattices. We define sub Pre A*-lattice,

distributive Pre A*-lattices and homomorphism of Pre A*-lattices. We confer congruence relation ﬁﬂ

on L and prove that the set of all congurences of the form ﬂﬂ forms a distributive Pre A*-Lattice . We

also introduce the concept of Ideal, Ideal congruences on Pre A*-lattice and derived some important
properties of these.

1. Preliminaries: In this section we concentrate on the algebraic structure of Pre A*-algebra and state
some results which will be used in the later text.

11 Definition: An algebra (A4,A,v, (=) ) where A is a non-empty set with 1,A,v are binary

operations and (=) ~ is a unary operation satisfying

(@ x"=x Vred

b) xAx=x, Vxed

© xAy=yax, Vx,ved

d) (xAy) " =x vy~ Vxyved
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(@xa(vaz)=(xay)nz, WNIE A
B xA(rva)=@AVIV(XAZ) vx, v,z €4
@ XAy=aAa(x vy Vx, v € A is called a Pre A*-algebra.

) ~ defined below is a Pre A*-algebra.

- 1.2. Example: 3 = {0, 1, 2] with operations A,V (
N 0 1 2 v o 1 2 X A‘:
o 0 0 2 0 0 1 2 0 1
1 0 1 2 1 1 1 2 1 )
2 2 2 3 2 2 2 2 2 2

e example satisfy the following laws:

(a)2" =2 (b)1ax=xforallxe3
(c)ovx=xforallxe3 (d)zAx=zvx=zforallx53.

1.3. Note: The elements 0,1, 2 in the abov

Let A be a Pre A*-algebra. An element x €A is called a central element of A if

1.4. Definition:
elements of A is called the centre of A and itis

o x%] and the set {x € A/ x Vv x%]1} of all central
denoted by B (A).

1.5. Theorem: [6]: Let A be a Pre A*-algebra with 1, then B (A) is a Boolean algebra with the induced

operations .V . (-)"
n Pre A*-Algebra: In this section we define (for any subset L of a Pre
). We give some examples of Pre A*-lattices. We give some properties

2. Representation of Lattices O
(x,v)eL»L/ avx=avyj forany a € L and

A*-algebra) a Pre A*-lattice (L, A, v

of Pre A*-lattices. We define the congruence /3, = {
o introduce the concept of Ideal, Ideal congruences on Pre A*-lattice and

studied their properties. We als
derived some important properties of these.
mpty subset L of a Pre A*-algebra A in which for each

2.1. Definition: Let A be a Pre A*-algebra. A non-e
ower bound a v b exists in L. Such a defined set L in

pair of elements a € A, b € B(A) in L has greatest |

Pre A*-algebra is said to be Pre A*-lattice.
Now we give another type of definition other than that in 2.1. Definition by means of equations.

».2. Definition: Let A be a Pre A*-algebra. A non-empty subset L of a Pre A*-algebra A, equipped with
h assign to every pair a €A, b €B(A) of the elements of

two binary operations meet (1) and join (v) whic
L, uniquely an element
a A b as well as element a v b in L in such a way that the following axioms holds.
(ian(bac)=(anb)rc Va, b, ¢ €L (associative)
(i)anb=bnra Vabel (commutative);
(iii) a » (a v b) =a, ¥ a, b € L (absorption law)
2.3. Theorem: Let A be a Pre A*-algebra. L is a subset of A Then (L, A. v) is a Pre A”-lattice.
Proof: Since A is a Pre A*-algebra L is a subset of A.
We havea A (bnc)=(anb}nc.\1a,b,c € Aby1.2(e)
arb=bna VYa,beAbyrz(c)andana=a, Va e Aby1z2(b)
Thereforean (bac)=(anb)ac, Va,b,ce Lanb=bnra Vabel
Andanra=a, vae L Hence (L, A) is a semilattice.

e can prove (L, v) is a semilattice. And since in a Pre A*-algebra,

Similarly w
¥ a, b € L (absorption law). Hence (L, A, v) isa Pre

aA(avb)=a,\7’aeA,bEB(A).So,aA(avb)=a,
A*-lattice.
Journal Published by IMRF Journals | 2019 Ediition ' "
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S Definition LEtA. e‘a F.’re A*-algebra and L is a distributive Pre A*“Latticl —

g ={n)elxLl ava=avy) ¢ Define for any g ¢ 1
A 3

25 Lemma: Let L be a distributive Pre A*-Lattice. Then B,

erelationon L. B {(x‘-v)EL"Lf' avyx=

congruenc a9 e
,.6. Theorem: LetL be a distributive Pre A*-Lattice. Define X —
distributive Pre A*-Lattice.

proof: Clearly B, < B, forall B, € X, shows < is reflexive.

tet B, < A and B, < B,implies that f, = B, This C is anti- symmetric.
I.ft ﬁg -C- ﬂb al‘ld ﬂ.h g ﬁc then ﬂa g_ ﬁ( \ Sho“rs that ;ls t]‘ansitive'

Hence (X.Z)is a poset.

First we show that B, N8, = f3,

Let (.1'.)‘)6!3n ﬁﬂ,,then avx=avyand bvx=bvy

{B,/ae L} then (X.©)is a

Now (arb)vx=(a@vx)nbvx) =(avy)a(bvy) = (anb)vy
This implies that (x,1) € f3, , This shows that ,Ba ~p.cf. -
On the other hand let (x,y)€ B, , then (anb)vx=(arb)vy.
Now avx=(av(a b)) vx (byabsorption law)
=av ((arnb)vx)
=av((arb)vy)
=(av(anb)vy
=avy
This implies that (x,)) € /3, , hence B, , C B,
Similarly we can prove that 3, , < f3, This implies that B..SB.NB,

Henceﬂaﬁﬂbzﬁa b

Let (r.s)e B, then avr=avs > avbvr=avbvs = (r.s)ep, ,.
Hence B, C B, , . Similarly B, € B, ,-Thus fB, , is an upper bound of (B,.5,)-
Let . is an upper bound of { 8, , /3, ).

Let (-‘f-.")Eﬂﬂ_bthen (avb)vx=(avb)vy
Sav(bvx)=av(bvy) = (bvrbvy)ef b

Scvbvx=cvby yvbvevx=bvevy= (cvx,cvy)e B, c p.

:C'\’CVI:CVC\;J! = CV,I:CV)’:(x’«v)Eﬁf
Hence 3 v S B..
Thereforesup{ ﬂa‘ﬂb}‘—'ﬁa hi‘e'! ﬂa Vﬁb zﬂ“‘b'

}SJiEnce X'is a Pre A*-Lattice. Fattice
ictan(bvc)=(anb)v(anc),Va,b,ceLweha R

ve X is a distributive Pre A*

deal of L if the

27. Definition: A nonempty subset | of a distributive Pre A*-Lattice L is said to be an1

f‘.’“"“'i“g hold.
) ab €l>avbel

-
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(ii) a el=> xNaelforeachxe L _
».8. Theorem: LetL be a distributive Pre A*-Lattice. Then t (L) the set of all ideals of [ j "
distributive Pre A*-Lattice under the set inclusion.

Proof: Let I,J € F(L)
Clearly 1 Jisanideal of L, and 11 ] =Inf{l.]J}in the poset (F(L), &)

n
Let H={ \/ x / x,€1UJ, nis a positive integer }
=]
' n n n
\/ t(eachtelU] )
k=l

Let x, Y€ H implies that x = \/ Xi, ¥ = \/; y; and hencex vy =
1=l i=

n n
Leta € L andx e HThena Ax=a A(\/ X) =V (a AX)
j= =1

i=l
Nowa Axe 1U] (sinceif ;€I thena Ax;€landif x;€]Jthena Ax,E€])

Hence a A X€ H.Therefore H is an ideal of L.

Clearly I, ] are subsets of H.Let K be any ideal of L such that 1 &K, ] EK.
n

Now let XEH = x = V] x; = x€ K(since | JE K and K is an ideal)
=

Hence H E K.Therefore H is the smallest ideal containing I, J.
n

Therefore Sup{l,J} =H..e,Iv]={ \/ x / x,€1U]J, nis a positive integer }
i=l1

Hence F( L )is a lattice under the set inclusion.

Let],],Ke F(L).Clearly (II J) v (Il K)c Il (Jv K)

Lette Il (Jv K)
n

Thent=\/ x;, wherex; € JUK.Nowt=tAt=tA(\/ x)=\/ (t AX)

i=l =l

n n

i=1
NowtAax;e Il JorlIl K
Thereforete (11 J) v (11 K)
Hencell (Jv K)c(II J)wv (Il K)

ThusIl (Jv K)=(II J) v (1I K).Therefore F(L ) is a distributive Pre A*-Lattice.
2.9. Definition: For any ideal I of a Pre A*-algebra A we define £ ,=((x,1)/
av x=av y forsomea€l).Thatis =[],

asl
2.10. Theorem[6]: S, is a congruence on a Pre A*-algebra A for any ideal I of A.

2.11. Theorem|[6]: For any ideals I and ] of a Pre A*-algebra A the following hold.
Wic) = pic B,

(2) Bl B1=By,

3) Biv B=b, ,

2.12. Theorem: Let F(L) be the lattice of all ideals a Pre A*-Lattice L. Then
I— f,is homomorphism of the lattice F'(L) into the lattice Con(L) of all congruences on L.

Proof: From 2.11. Theorem (2 and 3) it follows that I — 8, is lattice homomorphism of F(L) into the

lattice Con(L).
2.13. Lemma: Let L be a distributive Pre A*-Lattice. Then M ={avx/x e L} is a sub algebra of L

and it is a distributive lattice.

Journal Published by IMRF Journals | 2019 Edition T
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Pmt‘)f: Let VX, dVyE€ M,

then @V (XAY )=(avx) Alavy)eM,Hence M, is closed under A
@ u\.(.‘-\..'.y)=(u\'.\')\-* (avy)e M, Hence M, is closed under v/
5

A

Therefore M, is a sub algebra of L. Since L is a distributive Pre A*-lattice we have M
. I8 a

Jistributive lattice.

214, Theorem: Let L be a distributive Pre A*-Lattice. Then the map 8s: L 5> M, defined by g, (x)=

avx s a homomorphism and LB, =M,
proof: Let x.veL.Then

g, (xvy)=avixvy)=(@vx) Viavy)=g, (x) Vg, (y)and

g, (xAy)=avxay)=(@vx) Alavy)=g; (X} A g, (y)

Therefore g, 1s homomorphism.

fravxeM,, g(¥)=avx

Hence g, is onto.

Nowkergg={(X,3)/ & (¥) =g, (¥ N=1{(x,y)/avx =avy)=f,

By fundamental theorem of homomorphism L / ker g, = M, whichimply L/, = M.

2.15. Lemma: Let L be a distributive Pre A*-Lattice. Then L,={ anx/ x e€l)isasubalgebraofLand
itis a distributive lattice.

216. Theorem: Let Lis a distributive Pre A*-Lattice and @ € L Then the mapping / —> L, ¥ M,

defined by f(x)=(@AX @V X)forall X € Lis an isomorphism.

Proof: Let x.ve L.

f@ay=(an(xry) av(xny) )
-((@arx)A(@ary) (avx)n(avy)y = (@rxavx) Alary.avy)
=f(x) A f(3) and

flav=(an(xvy) av(xvy))
=(larx)v(any) (avx)viavy)) = (@arnxavxyV (any.avy)
=)V f(»)

Hence f is homomorphism

Franxel avyeM Lﬂan
a and a

2 . g o
where * € L guich that L) =i(# AX @V X

Hence / is onto

e r=avy
let f(x) = f(3) = (aAx,avx)(any,avy) =aAX=aAYand IVI=ET
:I=]'

Hence / is one - one.Therefore [ is isomorphism.
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